Abstract. Let π be an irreducible unitary cuspidal representation of GL m (A Q ) and L(s, π) be the global L−function attached to π. If Re(s) > 1, L(s, π) has a Dirichlet series expression. When π is self-contragradient, all the coefficients of Dirichlet series are real. In this note, we shall give non-trivial lower bounds for the number of positive and negative coefficients respectively, which is an improvement on the recent work of Jianya Liu and Jie Wu.
Introduction
Let m ≥ 2 be an integer, π = ⊗π p be an irreducible unitary cuspi- To estimate the local parameters {α π (p, j)} m j=1 associated with π p is important for the study of automorphic L−functions. The best known results are that for all primes p and 1 ≤ j ≤ m, 
which are due to Wenzhi Luo, Z. Rudnick and P. Sarnak [6] .
H. Jacquet and J. A. Shalika [2] proved that for Re(s) > 1, the Euler product for L(s, π) in (1.1) converges absolutely so that we can write
where
When π is self-contragradient, λ π (n) is real for all n ≥ 1 so that one would be interested in the problem of sign changes of λ π (n). Yan Qu [8] proved that, if π is a self-contragradient irreducible unitary cuspidal representation of GL m (A Q ), then there must be infinitely many sign changes in the sequence {λ π (n)} ∞ n=1 , i.e., there are infinitely many n such that λ π (n) > 0, and there are infinitely many n such that λ π (n) < 0.
Recently, Jianya Liu and Jie Wu [4] gave a quantitative version of the above result of Yan Qu [8] . Write 8) and
(1.9)
They [4] showed that, if π is a self-contragradient irreducible unitary cuspidal representation of GL m (A Q ) and θ m is in (1.4) or (1.5), then for
unconditionally for 2 ≤ m ≤ 4 and under the Hypothesis H for m ≥ 5. The well known Hypothesis H is due to Z. Rudnick and P. Sarnak [10] , which is stated as follows.
Hypothesis H. Let
for all primes p and integers ν ≥ 1. Then for any fixed integer µ ≥ 2,
In this note, we shall give another proof of (1.10) with an improvement on the logarithm factor.
Theorem. Let π be a self-contragradient irreducible unitary cuspidal representation of GL m (A Q ) and θ m be in (1.4) or (1.5). Then for x ≥ x 0 (π),
we have It is easy to verify
so that we can get an improvement on the logarithm factor for (1.10). is an entire function. For real numbers σ ≥ 0 and t, we have
where ε is a sufficiently small positive constant.
Proof. By the exposition in page 85 of [7] , we know that L(s, π) is an entire function. The application of convexity bound for L(s, π) of G.
Harcos [1] yields the estimate (2.1).
Lemma 2. Let θ m be in (1.4) or (1.5). We have
and
They come from (1.3) and (1.7).
Lemma 3. We have
Proof. For any positive integer k,
ds.
We move the line of integration to Re(s) = 1 − θ m − ε. An application of Lemma 1 produces (θm+ε)+ε
So far the proof of Lemma 3 is finished.
Lemma 4. We have
Proof. When m = 2, R. A. Rankin [9] showed that
where c is a positive constant.
When m ≥ 3, let L(s, π ×π) be the Rankin-Selberg L−function associated to π and its contragradientπ, which is defined as
By (3.10) in page 2884 of [5] , we have
where c π is a positive constant. The discussion in page 2885 of [5] yields
Hence,
So far the proof of Lemma 4 is finished. This is Theorem 3 of [11] .
The proof of Theorem
We only prove for N + π (x). The proof for N − π (x) is same.
For x ≥ x 0 (π), by (2.3) and Lemma 5, we have
≥ (log 2)
By Lemma 3,
On the other hand, we note that λ π (n) is real for all n ≥ 1 and use the Cauchy's inequality and Lemma 4 to get n≤x |λ π (n)| + λ π (n) 2 log x n Therefore the proof of Theorem is complete.
